This article combines the application of a global analysis approach and the more classical continuation, bifurcation and stability analysis approach of a cyclic symmetric system. A solid disc with four blades, linearly coupled, but with an intrinsic non-linear cubic stiffness is at stake. Dynamic equations are turned into a set of non-linear algebraic equations using the Harmonic Balance Method. Then periodic solutions are sought using a recursive application of a global analysis method for various pulsation values. This exhibits disconnected branches in both the free undamped case (non-linear normal modes, NNMs) and in a forced case which shows the link between NNMs and forced response. For each case, a full bifurcation diagram is provided and commented using tools devoted to continuation, bifurcation and stability analysis.
Introduction
In this paper, both free and forced vibrations of a non-linear cyclic symmetric structure are studied.
The structure is composed of n b identical substructures which undergo large strains. This system is typical when one studies bladed disks [2, 27] . After modeling the system, a set of coupled non-linear differential equations in which non-linearity appears by cubic terms is obtained .
In the linear case, the study of the linear normal modes (LNMs) reveals a majority of double eigenfrequencies, corresponding to distinct eigen-resonances leading to multiple solutions as in [29] where Vakakis showed a very complicated structure of resonance for a non-linear system with cyclic symmetry by using the multiple scales method. He showed that for a given frequency many solutions can coexist, some of them being stable.
Not only can multiple solutions coexist but also can they be disconnected from each other. In this latter case, classical methods based on continuation and bifurcation analysis fail at finding the disconnected branches of solutions. If one wants to dimension a structure properly -by considering all the possible solutions -one then needs to adopt a global analysis (GA) approach. Several solutions are mentioned in the literature (see [23] for an overview) with a common drawback even for small systems which is the computation cost. The GA method proposed in this paper takes advantage of the cubic form of the non-linearity combined with a reformulation of equations through the harmonic balance method (HBM); the resulting systems in the free undamped case for searching NNMs as well as in a forced case can then be solved (globally) in a reasonable amount of time.
Section 2 describes the system and its dynamical and HBM equations. The global analysis principle is then explained in section 3.1; this is followed by recalls on continuation methods, bifurcation and stability analysis in section 3.2. Finally these methods are applied to the undamped free system in order to find NNMs in section 4 and to a forced case which exhibits a very rich response in section 5.
Studied system

General description and dynamical equations
The studied structure has a cyclic symmetry property and can therefore be broken up in n b identical sectors (Fig. 1) . Each sector is modeled by a thin rectangular plate clamped to the rigid disk which itself is fixed (Fig. 2) . 
where E is the Young's modulus and ν is the Poisson's ratio.
The energy V j of the linear stiffness localized at (x r , y r ) = (L x /4, 0) between plates j and j + 1 is given by:
for 1 ≤ j ≤ n b with convention j + 1 = 1 if j = n b .
By neglecting rotary inertia the kinetic energy T j of plate j is given by :
In this paper, only an harmonic force, orthogonal to the plate, localized in (
The work W j due to such an excitation on plate j is given by:
The total energies U , T , V and W are then given by the sum over the number of plates n b of the different local energies U j , T j , V j and W j . Equations of motions are finally derived by using Lagrange's equations along with a Rayleigh-Ritz approximation [16] .
[ 
By applying Lagrange's equations, and by adding a damping term, the following motion equations are obtained:
with the notations X = (q j ) 1≤j≤n , and 
and β is the non-linear stiffness coefficient. The definitions of α, β, c, and δ can be found in A along with their numerical values.
Harmonic balance method
The harmonic balance method (HBM) is widelyused for the study of non-linear systems. Numerous applications can be found in the literature, showing its ability to treat strongly non-linear systems like friction between blades and casing [11, 10] or geometric non-linearities [14, 21] . One major advantage of the method is that it requires no assumption about the non-linearities magnitudes and uses the same procedure for strongly and weakly non-linear models.
The HBM consists in a decomposition of the solution X in a truncated Fourier series:
A k cos(kωt) + B k sin(kωt) (8) Injecting this development (8) in equation (6) , and by projecting equations on the [1, (cos(kωt), sin(kωt)) 1≤k≤N h ] basis using the following scalar product
one gets a system ofñ = n × (2N h + 1) non-linear algebraic equations with n×(2N h +1)+1 unknowns
The number of harmonics retained N h is a very important parameter. Generally, the higher N h is, the better the solution. However, in the case where the number of harmonics selected is high, the solution procedure can quickly become difficult and time consuming. Fortunately, in most cases the series converges fast enough and leads to systems with reasonable dimensions. In this article only the first harmonic is going to be retained (N h = 1) and the constant term A 0 is dropped due to the symmetry of the system. Depending on whether the system is free or forced, different formulations can be obtained.
Forced case
The equation to be solved in the forced case is given by (6) . The solution X is sought of the following form:
which leads to the following set of 2n algebraic equations: corresponds to the linear part of the HBM:
H e corresponds to the constant part related to the excitation
and H nl corresponds to the non-linear part
Notice that in this case the solution frequency ω is taken equal to the one of the excitation force.
Free Case
The equation to be solved in the free undamped case is given by:
and the solution X is sought of the following form:
The fact that only the cosine terms are retained corresponds to a phase condition in which all initial velocities are set to zero. With this approximation for the solution X,ñ = 4 and the following set of algebraic equations is obtained:
As there is no excitation force, the free solution frequency ω is also an unknown.
Theory
This section is devoted to theory on both global analysis (GA) aspects and continuation coupled to stability and bifurcation analysis.
Global analysis
When aiming at finding all the solutions of a nonlinear system, looking at the whole state space seems the right way to proceed. This is what most global analysis methods such as cell-mapping [5] , cell exclusion algorithm [32] or algorithms based on interval analysis [4] do. The main drawback of all these methods is their huge cost with regards to their computational resource consumption (see [23] for a comparison). In order to bypass this problem, one can take advantage of the algebraic form of our problem formulated in the frequency space and use a dedicated method to solve it globally relying on homotopy [25, 23, 24, 15] . Indeed, the nonlinearity introduced being cubic, equations (11) or (17) can be considered as polynomials inX variable. We will now denote P the corresponding polynomial.
The main idea of this method is to embed the polynomial P to solve in a space whose parameters are the polynomial coefficients. Then, starting from a polynomial Q whose zeros (in Cñ) are easy to compute, a continuation scheme is applied to slide smoothly from these zeros to the ones of interest by substituting slowly P to Q which is, namely, applying a homotopy method. The system solved is (18) with λ varying from 1 to 0.
In order to be able to guarantee that all P zeros will be reached, one has to respect a few rules: first of all, as each non-singular zero of P must be linked to a non-singular zero of Q, the initial polynomial must have at least as many zeros as P. Then, the paths linking Q zeros to P zeros must be smooth (undergo no bifurcation when λ slides from 1 to 0) which implies that both polynomials must share structural properties [25, Chap. 8] . A basic polynomial which has easy to find zeros and respects these rules is
Such a polynomial has N = The total degree homotopy theorem demonstrated in [25, chap. 8, p. 123] ensures that the N zeros of Q will lead to all the non-singular zeros of P. In our frame, only zeros with real components will be considered.
In many cases, P has only a few complex zeros. Starting with a lot more means a waste of time following paths that will mostly diverge towards infinity (as a homogeneization technique is used, they will remain numerically bounded, see [25, 31] ). That is why, in most cases it is interesting to work on the starting polynomial to reduce the number of starting zeros while still respecting the rules enunciated previously. Most current work aims at exhibiting such systems and automatizing their construction ( [17, 18, 30, 25, 6, 13] ). As will be shown later in this paper, such work is useless in the studied case. Using polynomial Q defined in (19), 3 8 = 6561 starting zeros will be generated in the forced case (HBM equation (11)) and only 3 4 = 81 paths will be followed in the free one (HBM equation (17)).
Continuation, bifurcation and stability
In this section, the classical tools to perform continuation and bifurcation analysis of fixed points (solutions in frequency space are constant) as well as the stability analysis of periodic solutions relying on Floquet coefficients evaluation are briefly recalled.
Continuation algorithm
A general system of equations used by a continuation algorithm is
where G is a non-linear function, Y is the vector of unknowns and µ is the continuation parameter. In the present case Y =X, the HBM unknowns and µ = ω, the free or forced frequency. The continuation procedure builds the path solution of (20) for some µ range by iterating two steps. First, a point is predicted using one or more of the previous points of the path, yielding an estimation of the next point. This predicted solution is then corrected iteratively until convergence is achieved.
In this study an arc-length continuation is used:
G is obtained by augmenting the HBM set of equations (11) or (17) with an equation constraining the next point to rely at a given distance from the previous one. The prediction step is performed using a tangent predictor and the correction one uses a Newton-Raphson algorithm. More details about continuation techniques can be found in [1] .
Bifurcation detection
In this paragraph, we will focus on turning points and branching points which are the main bifurcations encountered in this study. (20): this determinant is null for such bifurcation points [8] . A Newton like algorithm, described in [19] , is used to determine accurately the solutions
where T is the tangent direction. 
Stability using Floquet theory
The stability of solutions is determined by using Floquet's theory. In this study, just the primary results of this method will be recalled; a more detailed presentation is available in [19] .
To do so, the first order formulation of the dynamic system (6) is considered:
with U a vector combining X andẊ.
If U * (t) is a periodic solution of (22) with period T * and z(t) is a small perturbation added to U * , the equation governing its evolution is derived from
which is linear with periodic coefficients. Therefore, any solution z(t) corresponding to any initial perturbation is a linear combination of m (i) (t), solutions of (23) at time t having all its components but the i-th null at time t = 0: m
. The growth of z is then directly related to the one of m (i) which is in turn evaluated via the eigenvalues of the monodromy matrix
This was demonstrated and stated properly in the and on the type of bifurcation (through the way they cross the unit circle in complex plane) [19, 8] .
Some other techniques [12, 9] exploit the HBM results directly to determine the cycle stability. The authors confronted two methods. First a computation using Floquet basic theory relying on time integrations; the cycle U * is then rebuilt using the HBM coefficients. Second, the perturbation technique proposed by D. Laxalde in his PhD work [9] was implemented. Each time, both methods gave the same results.
Application to backbone curves
The aim of this section is to build the NNMs of the undamped structure (17) . The results will be displayed mainly in the Frequency Energy Plot (FEP) which is one of the most appropriate ways to depict the frequency-energy dependence of such modes [7, 3] . First, a brief recall of the linear study results is proposed. Then, a global analysis step is performed and exhibits many solutions which are grouped with respect to their energy, creating energy branches. Each solution branch is finally followed and analyzed using tools of section 3.2. One of the branches and its bifurcations is analyzed in a detailed way before the drawing of the full bifurcation diagram.
Linear system
The linear system has the following pair of eigenvector and eigenvalues (eigenvectors normalized with respect to mass matrix), i.e. linear normal modes (LNM) :
Using classical denominations [26] , one can state that
• L 1 is a "mode 0" were all the coordinates have the same amplitude. This is a non-degenerate mode with no nodal diameter.
• L 2 and L 3 are degenerate "cos-1" and "sin-1" modes with 1 nodal diameter. According to [26, p. 202 ], the corresponding NNMs should have the same backbone (n = 4 × p × 1).
• L 4 is a "mode n/2" that exists because the system has an even number of blades. All coordinates vibrate with the same amplitudes but opposite phases, generating 2 nodal diameters.
These notations will be useful for backbone analysis in section 4.3.
Global analysis
A global analysis method as explained in 3.1 was applied to the free system (17) in order to build backbone curves. As the system is already in a polynomial form, no further work was done on equations. The total degree homotopy method was applied recursively for ω between 93.0 rad.s 
Branches analysis using continuation
Every solution corresponding to each energy branch has been continued and analyzed with regards to its stability and bifurcations using tools of section 3. Table 1 and Fig. 9 summarize the results of the previous analysis carried out on all other branches. This simple structure exhibits in fact a very rich modal behavior: a great number of solutions branches can be captured using continuation and bifurcation analysis. Due to cyclic symmetry, they draw a less important but still great number of energy branches. In addition to these numerous branches, the use of a GA method lets us intercept two disconnected branches d1 and d2 that would have been missed otherwise.
Conclusion
[ Table 1 
Application to a forced case
The previous section exhibited numerous NNMs which will lead to complicated structures of resonance in forced cases. The aim of this section is to illustrate this complexity through an example.
The system is therefore excited with a force taking the branch 1' shape, thus vector F e0 of Eq. (13) is defined by F e0 = a f {1, 1, and also unstable parts generated through Hopf bifurcation. Several branching points have been detected for Sol-B, namely B1, B2 and B3 (Fig. 12) .
B2 (or B3) leads to an unstable bifurcated response, Sol-C, positioned around the backbone curve of branch 1'.1.1 (Fig. 13) , and B1 leads to an unstable bifurcated response, Sol-D, which seems to be positioned close to the backbone curve of branch 1' (Fig. 13 ).
[ Figure [ Figure 13 about here.]
All the solutions are also depicted in a frequencyamplitude plot in Fig. 14 and Fig. 15 . Two different figures were used for the sake of clarity. Only the amplitude of the first sector is considered.
[ Figure 14 about here.]
[ Figure 15 about here.]
In order to fully validate the stability analysis, direct numerical integrations have been performed.
Initial conditions were provided by HBM solutions and simulations were carried out over 1000 periods.
Results are plotted only for the five last periods. Applied to this case, global analysis has two virtues:
first of all, finding the disconnected solutions, that is guarantying that all the possible stable states will be considered when dimensioning the structure.
The second one is not theoretical, but practical: if one can detect all the bifurcation points by carrying out a bifurcation analysis along the continuation process, it is easy to skip such points. For example, bifurcation points A2 and A4 being turning points with two additional tangent for each, the determinant of the Jacobian gets null but does not change
sign. An automated script based on this criterion had therefore missed Sol-L2 and Sol-L3 branches and they were in fact found by the GA approach.
Conclusion
This The ability of the proposed global analysis method to exhibit disconnected solutions being proved, further work now should focus on developments allowing its application to larger systems and to quasi-periodic solutions search.
A. Definitions of parameters in the equation of motion
This Appendix gives a symbolic and numeric expression for coefficients used in the equation of motion (6) .
The damping coefficient δ is defined as:
Here are the numerical values used in this study:
the geometric and physical parameters are affected by the following set of values: 
